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We report properties, especially upper and lower bounds and the Nordhaus–Gaddum-type
result for the reciprocal complementaryWiener number of a connected (molecular) graph.
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1. Introduction
The Wiener number ([21]a) (often also called the Wiener index [1]) and the related molecular descriptors have a long
history [18,5,17,13] since 1947 when Harry Wiener (1924–1998) [19] introduced his number as the path number [22]. The
empirical Wiener’s definition of his number has been formalized via the distance matrix ([11]a) by Hosoya [6]. In the large
family of theWiener-likemolecular descriptors [20], the complementaryWiener number and the reciprocal complementary
Wiener number are recent additions. They have been introduced by Ivanciuc [7] and discussed by Ivanciuc et al. [8,9]. Related
work may be found in, e.g., [10].
We consider simple (molecular) graphs, i.e., graphs without multiple edges and loops ([21]b, [23]a). Let G be a connected
graph with the vertex-set V (G) = {v1, v2, . . . , vn}. The distance matrix D of G is an n× nmatrix (dij) such that dij is just the
distance (i.e., the number of edges of a shortest path) between the vertices vi and vj in G ([11]a), denoted by d(vi, vj|G). The
complementary distance matrix CD of G is an n× nmatrix (cij) such that cij = 1+ D− dij if i 6= j, and 0 otherwise ([11]b),
where D is the diameter of the graph G ([23]b). The reciprocal complementary distance matrix RCD of G is an n× nmatrix
(rcij) such that rcij = 1cij if i 6= j, and 0 otherwise ([11]c).
The Hosoya definition of the Wiener number of G, denoted by W(G), is given by [6]
W(G) = 1
2
n∑
i=1
n∑
j=1
dij =
∑
i<j
dij.
The reciprocal complementary Wiener (RCW) number of the graph G is similarly defined as [7]
RCW(G) = 1
2
n∑
i=1
n∑
j=1
rcij =
∑
i<j
rcij.
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The RCW number has been successfully applied in the structure-property modeling of the molar hear capacity, standard
Gibbs energy of formation and vaporization enthalpy of 134 alkanes C6–C10 [7].
In the present report, we give some properties, especially various upper and lower bounds and the Nordhaus–Gaddum-
type result [14] of the reciprocal complementary Wiener number.
2. Bounds for the reciprocal complementary Wiener number
Let Pn and Sn be respectively the path and the star with n vertices. Let Kn be the complete graph with n vertices.
Let d(G, k) be the number of the unordered pairs of vertices of G that are at distance k, k = 1, 2, . . . ,D. Then
RCW(G) =
D∑
k=1
d(G, k)
D+ 1− k .
We first give upper bounds for RCW number using the graph-parameters such as the number of vertices and the number
of edges.
Proposition 1. Let G be a connected graph with n ≥ 2 vertices. Then
RCW(G) ≤ n(n− 1)
2
with equality if and only if G = Kn.
Proof. For i, j = 1, 2, . . . , nwith i 6= j, it is easily seen that rcij = 11+D−dij ≤ 1 with equality if and only if D = dij = 1. Thus
RCW(G) ≤ n(n−1)2 with equality if and only if D = 1, i.e., G = Kn. 
Proposition 2. Let G be a noncomplete connected graph with n ≥ 3 vertices and m edges. Then
RCW(G) ≤ n(n− 1)
2
− m
2
with equality if and only G has diameter 2.
Proof. Note that d(G, 1) = m and∑Dk=2 d(G, k) = n(n−1)2 −m. Since G 6= Kn, we have D ≥ 2, and then
RCW(G) =
D∑
k=1
d(G, k)
D+ 1− k ≤
d(G, 1)
D
+
D∑
k=2
d(G, k)
≤ m
2
+ n(n− 1)
2
−m = n(n− 1)
2
− m
2
with equality if and only if D = 2. 
Let G be a connected graph with n vertices,m edges and diameter D ≥ 2. Then by the above argument,
RCW(G) ≤ n(n− 1)
2
− (D− 1)m
D
with equality if and only if D = 2.
Corollary 3. Let G be a noncomplete connected graph with n ≥ 3 vertices. Then
RCW(G) ≤ (n− 1)
2
2
with equality if and only G = Sn.
Proof. Let m be the number of G. Then m ≥ n − 1 with equality if and only if G is a tree. Now the result follows from
Proposition 2. 
By Corollary 3, if G is a tree with n ≥ 3 vertices, then RCW(G) ≤ (n−1)22 with equality if and only if G = Sn. Similarly to
the argument in Corollary 3, if G is a unicyclic graph with n ≥ 4 vertices then RCW(G) ≤ n(n−2)2 with equality if and only if
G is the quadrangle, or the pentagon, or the graph formed by attaching n− 3 pendant vertices to a vertex of a triangle.
For vi ∈ V (G),Γ (vi) denotes the set of its (first) neighbors in G and the degree of vi is δi = |Γ (vi)|. The term∑ni=1 δ2i is
known as the first Zagreb index of G, denoted byM1(G) [4,12,3,26].
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Proposition 4. Let G be a triangle- and quadrangle-free connected graph with n vertices and m edges. If the diameter of G is at
least three, then
RCW(G) ≤ n(n− 1)
2
− m
6
− 1
4
M1(G)
with equality if and only if G has diameter 3.
Proof. Note that there are d(G, 1) = m. Since G is triangle- and quadrangle-free, we have d(G, 2) = 12M1(G)−m (see [26]),
and then
∑D
k=3 d(G, k) = n(n−1)2 − 12M1(G). Then
RCW(G) ≤
D∑
k=1
d(G, k)
D+ 1− k ≤
d(G, 1)
D
+ d(G, 2)
2
+
D∑
k=3
d(G, k)
≤ m
3
+ 1
2
[
1
2
M1(G)−m
]
+ n(n− 1)
2
− 1
2
M1(G)
= n(n− 1)
2
− m
6
− 1
4
M1(G)
with equality if and only if D = 3. 
Now we give lower bounds for RCW number. For a graph G,G stands for its complement ([11]c). A graph is said to be
diameter-maximal if the diameter of G+e (the graph formed from G by adding the edge e) is smaller than that of G for every
edge e of G.
Lemma 5 ([15]). A graph G of diameter D is diameter-maximal if and only if there is a vertex v, such that the distance layers Vi,
where Vi = {x|d(v, x|G) = i} for i = 0, 1, . . . ,D, fulfill the condition that the subgraph induced by Vi−1 ∪ Vi is complete for any
i = 1, 2, . . . ,D, and if D ≥ 2 then |VD| = 1.
By similar argument as in [16], we have
Proposition 6. Let G be a connected graph with n vertices and diameter D ≥ 1. Then
RCW(G) ≥ f (n,D)
with equality if and only if G is a diameter-maximal graph for which all noncentral layers are trivial, where
f (n,D) =

D+ 2(n− D− 1)
D
2−1∑
i=0
1
D− i +
(n− D)(n− D− 1)
2D
for even D,
D+ 2(n− D− 1)
 1
D+ 1 +
D−1
2 −1∑
i=0
1
D− i
+ (n− D)(n− D− 1)
2D
for odd D.
Proof. Let G′ be a graph with minimum RCW number in the class of graphs with n vertices and diameter D. Evidently, G′
is a diameter-maximal graph, and thus it has the form given in Lemma 5. Suppose that there is a noncentral layer Vk with
|Vk| > 1 and x ∈ Vk. If k < D−12 , then we choose the least such k, and for a new diameter-maximal graph G′′ with layers
V0, V1, . . . , Vk−1, Vk − {x}, Vk+1 ∪ {x}, Vk+2, . . . , VD, it is easily seen that
RCW(G′′)− RCW(G′) =
k∑
i=1
(
1
D+ 1− i− 1 −
1
D+ 1− i
)
+
D−k−1∑
i=1
|Vi+k+1|
(
1
D+ 1− i −
1
D+ 1− i− 1
)
= 1
D− k −
1
D
+
D−k−1∑
i=1
|Vi+k+1|
(
1
D+ 1− i −
1
D− i
)
≤ 1
D− k −
1
D
+
D−k−1∑
i=1
(
1
D+ 1− i −
1
D− i
)
= 1
D− k −
1
D
+
(
1
D
− 1
k+ 1
)
= 1
D− k −
1
k+ 1 < 0,
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from which we have RCW(G′′) < RCW(G′), a contradiction. If k > D+12 , then we choose the maximal such k,and for a new
diameter-maximal graph G′′ with layers V0, V1, . . . , Vk−2, Vk−1 ∪ {x}, Vk − {x}, Vk+1, . . . , VD, it is easily seen that
RCW(G′′)− RCW(G′) =
D−k∑
i=1
(
1
D+ 1− i− 1 −
1
D+ 1− i
)
+
k−1∑
i=1
|Vk−1−i|
(
1
D+ 1− i −
1
D+ 1− i− 1
)
= 1
k
− 1
D
+
k−1∑
i=1
|Vk−1−i|
(
1
D+ 1− i −
1
D− i
)
≤ 1
k
− 1
D
+
k−1∑
i=1
(
1
D+ 1− i −
1
D− i
)
= 1
k
− 1
D
+
(
1
D
− 1
D− k+ 1
)
= 1
k
− 1
D− k+ 1 < 0,
a contradiction again. Now we have proved that for G′, all noncentral layers are trivial. It may be checked that RCW(G′) =
f (n,D). 
Proposition 7. Let G be a connected graph with n ≥ 2 vertices. Then
RCW(G) ≥ n− 1
with equality if and only if G = Pn.
Proof. Let D be the diameter of G. Suppose that D < n− 1. If D is even, then
f (n,D)− f (n,D+ 1) = D+ 2(n− D− 1)
D
2−1∑
i=0
1
D− i +
(n− D)(n− D− 1)
2D
−
D+ 1+ 2(n− D− 2)
 1
D+ 2 +
D
2−1∑
i=0
1
D+ 1− i
+ (n− D− 1)(n− D− 2)
2(D+ 1)

= −1+ 2
D
2−1∑
i=0
1
D− i − 2(n− D− 2)
(
1
D+ 2 +
1
D+ 1 −
1
D
2 + 1
)
+ n− D− 1
2
(
n− D
D
− n− D− 2
D+ 1
)
≥ −1+ 2 · 1
D
· D
2
− 2(n− D− 2) · 1
(D+ 1)(D+ 2) +
n− D− 1
2
· n+ D
D(D+ 1)
= (n− D− 2)
[
n+ D
2D(D+ 1) −
2
(D+ 1)(D+ 2)
]
+ n+ D
2D(D+ 1) > 0.
If D is odd, then
f (n,D)− f (n,D+ 1) = D+ 2(n− D− 1)
 1
D+ 1 +
D−1
2 −1∑
i=0
1
D− i
+ (n− D)(n− D− 1)
2D
−
D + 1+ 2(n− D− 2) D+12 −1∑
i=0
1
D+ 1− i +
(n− D− 1)(n− D− 2)
2(D+ 1)

= −1+ 2
D+1
2 −1∑
i=0
1
D+ 1− i +
n− D− 1
2
(
n− D
D
− n− D− 2
D+ 1
)
≥ −1+ 2 · 1
D+ 1 ·
D+ 1
2
+ n− D− 1
2
· n+ D
D(D+ 1) > 0.
Thus, f (n,D) is decreasing for 1 ≤ D ≤ n− 1. Now the result follows from Lemma 6. 
LetG be a treewith n ≥ 3 vertices. By Proposition 7, RCW(G) ≥ n−1with equality if and only ifG = Pn. A direct reasoning
is as follows. Let w0w1 . . . wD be a diametrical path in G. Suppose that D < n − 1. Then for some k = 1, 2, . . . ,D − 1, wk
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has a neighbor w outside this path. Let G′ be the tree formed from G by deleting the edge wkwk+1 and adding the edge
wwk+1. Obviously, G′ has diameter D + 1. Let V1 and V2 be respectively the set of vertices of the subtree of G containing
vertexwk andwk+1 formed by deleting the edgewkwk+1. Let d′ij = d(vi, vj|G′) and let rc ′ij be the (i, j)-entry of the reciprocal
complementary matrix of G′. For vi, vj ∈ V1 or vi, vj ∈ V2 with i 6= j, we have d′ij = dij and then rc ′ij < rcij. For vi ∈ V1
and vj ∈ V2, we have d′ij = dij + 1 or d′ij = dij − 1 and then rc ′ij = rcij or rc ′ij < rcij. Thus, RCW(G′) < RCW(G). Using this
transformation, we can finally obtain RCW(G) > RCW(Pn) = n− 1 if G 6= Pn. By combining Corollary 3, we know that RCW
number satisfies the basic requirement to be a branching index [2].
3. Nordhaus–Gaddum-type result for the reciprocal complementary Wiener number
Zhang and Wu [24] and Zhou, Cai and Trinajstić [25] obtained the Nordhaus–Gaddum-type result for the Wiener index,
Zagreb indices, connectivity index and the Harary index, respectively. In the following, we give the Nordhaus–Gaddum-
type result for RCW number. There is only one connected graph P4 on 4 vertices with the connected complement P4 = P4.
Obviously, RCW(P4)+ RCW(P4) = 2RCW(P4) = 6. For n ≥ 5, the diameter of Pn is 2.
Lemma 8. Let G be a connected graph on n ≥ 5 vertices. If G has diameter 2, then
RCW(G)+ RCW(G) ≥ n
2 + 5n− 6
4
with equality if and only if G = Pn.
Proof. By Proposition 1, RCW(G) ≥ n − 1 with equality if and only if G = Pn. Let m be the number of edges in G. Then
m ≤ n(n−1)2 − (n − 1). By Proposition 2, RCW(G) = n(n−1)2 − m2 ≥ n(n−1)2 − 12
[
n(n−1)
2 − (n− 1)
]
= n(n−1)4 + n−12 with
equality if and only if the number of edges of G is equal to n− 1. Thus the result follows easily. 
Lemma 9. Let G be a connected graph on n ≥ 5 vertices. Suppose that both G and G have diameter 3. Then RCW(G)+RCW(G) ≥
5n(n−1)
12 + 1 with equality if and only if d(G, 3) = d(G, 3) = 1.
Proof. Let tk = d(G, k) and tk = d(G, k). Obviously, t2 + t3 = t1, t2 + t3 = t1 and t1 + t1 = n(n−1)2 . Then
RCW(G)+ RCW(G) =
3∑
k=1
tk + tk
4− k =
t1 + t1
3
+ t2 + t3 + t2 + t3
2
+ t3 + t3
2
= t1 + t1
3
+ t1 + t1
2
+ t3 + t3
2
= 5
6
(
t1 + t1
)+ t3 + t3
2
= 5n(n− 1)
12
+ t3 + t3
2
≥ 5n(n− 1)
12
+ 1
with equality if and only if t3 = t3 = 1. 
It is easily seen that there are pairs of graphs on n vertices such that both of themhave diameter three and t3 = t3 = 1. For
example, if n = 5, then there is exactly one pair G and G : the graph formed from the path P5 by adding an edge between the
twoneighbors of its center and its complementwhich is isomorphic to itself such that RCW(G)+RCW(G) = 283 = 5n(n−1)12 +1.
Proposition 10. Let G be a connected graph on n ≥ 5 vertices with a connected G. Then
RCW(G)+ RCW(G) ≤ 3n(n− 1)
4
with equality if and only if both G and G have diameter 2, whilst
RCW(G)+ RCW(G) ≥

n2 + 5n− 6
4
for n ≥ 9
5n(n− 1)
12
+ 1 for 5 ≤ n ≤ 8
with equality if and only if G = Pn or G = Pn for n ≥ 9, and both G and G have diameter three with d(G, 3) = d(G, 3) = 1 for
5 ≤ n ≤ 8.
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Proof. Letm andm be respectively the number of edges of G and G. Thenm+m = n(n−1)2 . By Proposition 2,
RCW(G)+ RCW(G) ≤ n(n− 1)
2
− m
2
+ n(n− 1)
2
− m
2
= n(n− 1)− m+m
2
= 3n(n− 1)
4
with equality if and only if both G and G have diameter 2.
On the other hand, note that either both G and G have diameter 3 or one of them has diameter 2, and that 5n(n−1)12 + 1 >
n2+5n−6
4 if and only if n ≥ 9. The second part of the proposition follows from Lemmas 8 and 9. 
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